for example, by Mochizuki [1] and Goldstein £2] (see also papers cited in [JQ and [JT] , and "Problemy Matematiceskoi Fiziki", Leningrad Univ.
(ed. by M.S. Birman)).
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Here, a simple example of multiplicative perturbation of HQ will be dealt with by the so-called integral equation method which has been employed by Mochizuki Ql] and by Povzner Q3] and Ikebe [4] in the self-adjoint case. The results obtained here will possess much similarity with those of £1], £2], [J3T] and Q4], and, therefore, details of the argument will very often be left out, and just how to proceed will be indicated.
The contents of the present paper will be outlined. Section 2, starting with resolvent equations relating H and H* with HQ, introduces some auxiliary compact operators, the compactness being useful in exposing the behavior of the resolvents of H and H* in a neighborhood of the continuous spectrum (this sort of technique is usually called the limiting absorption method), and reveals a very rough structure of the spectrum of H and H*; for instance, the essential spectrum of H and H* is identical with that of H Q . In section 3 certain classes of generalized eigenfunctions for H and H* are introduced as well as off-real distorted plane waves, the former being determined as boundary values of the latter (which is nothing but a limiting absorption technique). Sections 4 and 5 are of a preparatory character, where following the idea of Shenk \Ji~] a convenient representation of the resolvent involving the off-real distorted plane waves is given, and spectral measures JE (4) and J?*(J) associated with H and jy* are defined for appropriate Borel sets A of [X), co) (bounded away from a certain discrete set of exceptional points). In the final section 6 is expounded a spectral representation for an absolutely continuous part of
H, H(A}=E(A}H,
in terms of generalized Fourier transforms that give rise to a unitary map from jE(4)H onto an L 2 space over a domain of R 3 determined by J: For £ €ER 3 let <p(x^ ?) and (p*(x, f) be generalized 1) In [1] has been studied the operator -A-^-q(x) in R 3 3 where the complex potential q(x) has been assumed to behave like | x |" 2~" , e>0, at infinity. Some results of [1] have recently been extended by Saito [11] to the case where q(x) = 0(|^|" 1~' ) J e>0. Second-order perturbations of -J, of which the present problem is a special case, have been treated in [2] The resulting resolvent equation reads as follows:
Here it is of course assumed that p(H 0 )r\p(H) is not empty. Similarly, one can obtain for R*(z) = R(z: H*)
Observing the easily obtainable relation R*(z) = R(z)* gives in virtue of (2.1) and (2.2) The above lemma follows directly from lemma 2.1 and a well-known theorem concerning holomorphic families of compact operators (see Kato [7] , p. 370).
The following lemma gives an interrelation between the exceptional points and the eigenvalues of H or H*, and can be proved in a standard way (see, e.g., [1] The set of all Q-E@*-U exceptional points will be denoted by 2 [-?*], while 2 [^*H will designate its intersection with the closed upper half -plane (Im/c^O). The next lemma provides a little more detailed information about the location of the exceptional points than lemmas 2.3 and 2.4, but will not be made explicit use of in the sequel. The proof is not hard, but is the only place where one has to make explicit use of the conditions Im n(x)l>Q, Re7i(^)^l and Re n(x) I> Im n(x), and will be sketched in the appendix. where o~p(H) denotes the point spectrum of H. Consequently, by using lemma 2.4 it can be easily shown that both ff r (H) and ff r (H*) are empty.
In this case a point A £ o~(H), the spectrum of H, can be characterized by the existence of a normalized sequence {f n } such that +Q as n-+°o.
If there exists a non-(relatively) compact such sequence, A is said to belong to the essential spectrum o~e(H) of H 9 and otherwise, A is said to belong to the discrete spectrum <T d (#) of H. Thus
ff(H)=ff d (H)^Jff e (H)
and <7 r Cff)=0.
In the above-mentioned case the proof of Weyl's theorem which as- 
. i) p(H) and p(H*) are non-empty and contained in P(HQ). z€p(Ho) belongs to p(H)
then %(A;, f, A;) C%*(^3 ?, ^)H must satisfy the equation
U from left and utilizing (2.6) [(2.6)*] yield
In view of the above heuristic consideration a series of functions are defined as follows. where theorem 2.6, iv) has been used, If these definitions make sense, then clearly
For a moment (5.2) will be considered exclusively, for (5.2)* may be obtained by the complex conjugation of (5.2) with / and g exchanged. By use of (5.1) and the resolvent equation (2.1) the right-hand side of (5.2) can be rewritten as 
Lemma 5.1. Operators A and B are H 0 -smooth, i.e., if T stands for A or B, then for any f 6 H where C is a constant independent of s and f. If A is a bounded Borel set of Q), oo ) such that ±\l A = {±VT"| ^€ A} is at a positive distance from 2, then T=A, B is H-smooth:
where C is a constant independent of e and f.
By the above lemma it follows that if the Borel set A is chosen as indicated in the lemma, then each term of (5.4) is meaningful, and, in particular, the last term vanishes. Thus expression (5.4) or the righthand side of (5.2) defines a bounded bilinear form on H, which in turn implies by virtue of F. Riesz' theorem the existence of a unique bounded linear operator E(A} such that equation (5.2) is valid. E(A} is called the spectral measure associated with H. As remarked before, the spectral measure E* associated with H* also turns out well-defined so that (5.2)* holds.
In quite a similar way one can define bounded linear operators &±(^) and V ± (A} by are bounded continuous functions of f , A and e for (f 3 ^5 e) 6 R 3 X A X Q), £o)(£o>0). It can also be checked that these functions are square integrable for large |f| uniformly in (/I, e) 6 A X [J) 3 £ 0 ) 0 Therefore, one can freely interchange the order of limit and integration in the above expression, and then make use of the symbolic relation The following lemma is not very hard, and can be proved by using lemmas 6.3 and 6.4, the closedness of H and H* and the properties of the generalized eigenfunctions (p±(x, £) and <p±(x, £) l
(E*(e)H*f, g) = the last two equalities holding without the assumption f^D(H} and hence H \^H*~} and E(e) E^*( e )D commute.

Using the above lemma one can define a bounded linear operator H(A) = HE(A) which coincides with H on the range of E(A}. Similarly, a bounded linear operator H*(A) = H*E*(A) is defined. One can also consider functions of H(A) and £T*(J). Let a be a bounded Borel function on A. Define a(H(A}) [a(#*(J))I] by
Then on the basis of lemma 6.7 the following result obtains immediately. At present it is not known whether ~± and ^$ map onto L 2 (Ayj). To settle this problem is important in order to establish a unitary spectral representation map.
Lemma 6.9.
5)
The operators ~± and ~J map H onto L 2 (A^j), where A is as in theorem 5.2.
Proof. Suppose ~± is not onto L 2 (A^j).
Then there exists a non- for all non-negative even integers m, which in turn yields
5) The lemma may be proved by the method of Mochizuki [1] , which consists in a direct verification of lemma 6.12, from which it is easy to deduce the lemma. The following assertion is entailed by the above equation and the corresponding one involving F ± (J).
Lemma 6.11. Let A be as in theorem 5.2. Then
As a direct consequence of the above lemma one obtains the Proof. The ontoness has been proved already (lemma 6.9). So, only the one-to-one-ness has to be checked, in which case one may limit himself to the operator ~±, for the other can be dealt with similarly. The inverses of *± and ~± are now to be determined. This may be accomplished by looking at lemma 6.3. If / is smooth, from lemma 6.3 follows
In view of the above equation, which is nothing but an inversion formula, one defines
The above integrals retain their significance for any u£L 2 Proof. Let /, ^G^(J)H. Then by lemmas 6.3, 6.9 and 6.10 and the definition of T ± for any /, g'Ei'CJ)!!. Since "$ is one-to-one and onto from U(J)H to L 2 (A^j) (lemma 6.13) 5 this shows that T± is bounded, linear, positivedefinite and non-degenerate, while the last equation but one of the lemma has been already shown. The first equation can be obtained from this by replacing /| and g%. by u and v so that f=u± and g=v± in virtue of lemma 6.14. The assertions concerning T± may be verified similarly.
Q.E.D. Since the integrand of the first term of (A.3) is rewritten and since 0 is easily seen to satisfy the radiation condition one obtains
